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Abstract—Laminar film condensation of a saturated vapor in forced flow over a flat plate is analysed.

The problem is formulated as an exact boundary-layer solution. From numerical solutions of the

governing equations, it is found that the energy transfer by convection is negligibly small for low

Prandtl number liquids (liquid metals) but quite important for high Prandt! number liquids. The

condensation rate, skin friction and heat transfer are presented in graphs as a function of ¢,4T/Prh;,
with [(pw)r/(pw).)1/% and Pr as parameters.

NOMENCLATURE

¢y, friction coefficient, equation (29);

¢p, specific heat at constant pressure;

f,  dimensionless liquid stream function,
equation (12);

F, dimensionless vapor stream function,
equation (12);

h, local heat-transfer coefficient, equation
(32);

k,  thermal conductivity;

m, mass flow at interface (mass condensed
per unit time per unit area);

Nug, local Nusselt number, equation (31);

liquid Prandtl number, (ucp/k)r;

g, local heat-transfer rate per unit area;

R, equation (14);

Reynolds number, uwx/vy,;

T, static temperature;

Ts — Tw;

u, velocity component in x-direction;

v,  velocity component in y-direction;

x, co-ordinate measuring distance along
plate from leading edge;

y, co-ordinate measuring distance normal
to the plate;

n,  similarity variable, equation (11);

14 dimensionless liquid film thickness;

6, dimensionless temperature,

(T — TH[(Tw — Ts);
L,  absolute viscosity;

* Research Specialist.

v,  kinematic viscosity;
p, density;
¢,  stream function.

Subscripts
B, Blasius;
liquid vapor interface;

~,
-

00, free stream;

L, liquid;

v,  vapor;

w, wall;

3,  at the liquid vapor interface;

L, i, liquid at the interface;

v, i, vapor at the interface.
Superscripts

—, average;

I

, differentiation with respect to nz, or 7.

I. INTRODUCTION
CONDENSATION heat transfer has been a subject
of study for many years. Heretofore, research on
this subject has been focused on natural convec-
tion where the fluid motion is generated by
gravity forces [1-4]. Recent engineering develop-
ments, such as acrospace planes, nuclear reactors,
etc., require the knowledge of fluid mechanics
and heat transfer in the condensation processes
under forced flow. Accordingly, a research pro-
gram was initiated to study the condensation
processes for fiow over a flat plate. Simul-
taneously, Cess [5] treated the similar problem
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by neglecting inertia forces and energy transfer
by convection in the governing liquid-flow
equations. Chung [6] analysed the film-condensa-
tion processes by neglecting the vapor tangential
velocity at the interface. The present paper
reports the exact solutions of the differential
equations for laminar-film condensation in
forced flow over a flat plate.

II. ANALYSIS

Physical model and co-ordinate systems

Figure 1 shows a sketch of the physical model
and co-ordinate system used for the present
study. A stream of vapor at a velocity ue is flow-
ing over the plate. The vapor is at a saturation
temperature Ts. The plate surface temperature
T is lower than Ts and hence condensation
takes place. It is assumed that, in steady state,
there exists a smooth liquid film adjacent to the
plate surface. At the plate surface, the liquid
velocity is zero. Away from the surface, the
liquid moves under the influence of drag forces.
The vapor velocity approaches the free stream
velocity at some distances from the plate. There-
fore, there exist both liquid and vapor boundary
layers simultaneously. Since the liquid flow is
due to the drag force exerted by the vapor, and
the presence of the liquid motion in turn affects
the vapor flow field, this interaction requires the
simultaneous consideration of the liquid and
vapor layers.

m Vapor

U, Ts . Interfoce
O 3

-

-~
X g Liguid

FiG. 1. Physical model and co-ordinates.

Governing equations

The basic governing partial differential equa-~
tions and boundary conditions have been given
in [5] and it is not necessary to repeat them here.
By use of the Blasius-type similarity transforma-
tion, the partial differential equations can be
transformed into a corresponding set of ordinary
differential equations. The resulting transformed
ordinary differential equations together with
their boundary conditions are as follows,
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Liguid film
it =0 (0
-+ P = 0. 2)
Vapor layer
F" 4 YFF" =0. (3)
Boundary conditions
Atnp=0(wal) f=f" =0 8=1 (4
as ny — oo {vapor phase) F' — 1. (5)
At the interface
=0 (6)
e = Rf @)
or < s o
ge—0 | F'=f (8)
| F'=Rf )
where
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b(n1) = 7T (13)
(PP«)L}
R = 14
[(PH)» (4
U — ?;{byL = ugof"(ﬂl,) Uy = Cil/;b = uooF,('Y]v)
(15)
0 Uoo
o=~ =y J(2) s 1) L
) (16)

a’v Vpling , }
o= =1 S b = |

Notice that the above differential equations (1-
3) together with the boundary conditions (4-9)
involve three parameters Pr, R = [(pp) L/ pp)o]*'%,
and 5 ,. From the energy balance at the interface,
— k10T|dy = wihy,, it can be shown that the
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dimensionless liquid-film thickness is implicitly
related to the dimensionless physical group
cpdT|Prhy, by the following equation:

cpdT - S(n3)
Prheg  —20(n5) "

an

Hence, as soon as solutions are available as a
function of 7%, corresponding values of
cpdT|Prhsy can be computed from equation
(17). Consequently, the present problem in fact
involves three physical parameters, Pr, R and
cpdT/Prhsy. It is interesting to note that the
parameters involved are identical to those in
film condensation in free convection [4]. Also
in both cases, the parameters are similar to those
in film boiling [7, 8].

Asymptotic expressions

Before we discuss the numerical solutions of
the foregoing equations, it is worthwhile to
consider two extreme cases, i.e. when the liquid
film is either very thin or very thick.

(1) Very thin liguid film. When the liquid film
is very thin, the liquid velocity is very small.
Hence, the presence of the liquid film does not
have any significant effect on the vapor boundary
layer, and the vapor-velocity profile approaches
to the Blasius profile. In this case, the vapor-
velocity gradient at the interface is F,” = 0-332,
and the vapor velocity, velocity slope, tempera-
ture slope and the parameter cpd7/Prhysy can
be written as follows:

F* 0332
=Rr=R (1%
fa’ = 0‘3],32 Ns (19)
o= 20)
=t =~ 3)
%% R=1F'n =00837n.  (22)

A plot of ¢pAT/Prhsy vs. n; as calculated from
equation (22) is shown in Fig. 4(c). When the
liquid film is moderately thin, the velocity and

temperature profiles are very close to straight
lines. However, F, is now a function of the
liquid film thickness n;. By following the treat-
ment of [5], one can get a plot of (cpdT/Prhs))R
vs. , independent of R and Pr. Such a plot is
also shown in Fig. 4(c) (see Results and Discus-
sion).

(2) Very thick liquid films. When the liquid
film is very thick (i.e. n5—> 7-8, [9]), the liquid—
vapor interface velocity approaches to the free-
stream velocity ue and the liquid velocity profile
would be essentially the same as the Blasius
function. In this case, the following results are
valid,

[y = f(n) (23)
F') =fin) 24
S =1 (25)

AT fB(1,)

Priy — 26, (26)

Equation (26) indicates that c¢pdT/Prhs is
independent of R but a strong function of Pr
(through 6;).

Methods of solutions

Before we discuss the method of solution it is
helpful to point out that the momentum equa-
tions (1) and (3) are independent of the energy
equation (2). Hence, for any pre-assigned value
of n; and R, the momentum equations can be
solved independently. Once this is done, the
energy equation (2) can be readily integrated.
The method used in solving the momentum
equations (1) and (3) together with their bound-
ary conditions, (4), (5) and (7-9) can be briefly
described. For any given 5, and R, a value of
f'(n4) is guessed (remained to be checked). This
guessed f'(n;) together with the boundary condi-
tion (4), {0} = f'(0) = 0, allows us to solve the
liquid momentum equation (1). The solution of
equation (1) yields the values of fand f” at the
interface. The values of F(0) and F’(0) are then
calculated from equations (7) and (8). These two
conditions together with the boundary condition
(5), F'(o0) =1 provide adequate boundary
conditions for solving the vapor momentum
equation (3). The solution of equations (3) yields
among others the value of F’(0). Now, since we
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have the value of F"(0) and the value of f"'(z,),
we can substitute them into equation (9). If
equation (9) is satisfied, our guessed value for
f'(n,) is correct and we have solved the momen-
tum equations. Otherwise, a new value for f'(n;)
must be used and the processes repeated until
the final solution is obtained. With f(»;) avail-
able and Pr specified, the energy equation (2)
together with its boundary conditions 8(0) = 1
and #(c0) = 0 can be solved by direct integration.
This yields the temperature distribution across
the liquid film. Finally, the value of the physical
parameter c¢pAT/Prhs, corresponding to the
prescribed 7, is computed from equation (17).

Condensate flow rate, skin friction and heat
transfer
Once the boundary-layer equations are solved,
the values for f"'(0), f(n,) and 6(0) are available,
The condensate flow rate, skin friction and heat
transfer can then be computed by the following
equations.

(1) Condensation rate

Dimensionless condensation rate

m fng)
p Lt V(Reg) = Ts’

L @7

Dimensionless liquid flow

RPedy  Resy = f(np) J

PLUX

where n1 is the mass condensed per unit area per
unit time while (3 pzudy is the local mass flow
of liquid in the direction parallel to the plates.
From the relation mx = [% prudy, it is evident
that the average condensation rate 7 over a
distance of x is equal to twice the local condensa-
tion rate m, i.e.

= 2.
(2) Skin friction
tcr V(Rez) = f7(0) (28)
where
_ Lo

dprug, @

cs
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(3) Heat transfer

Ny ,
VRe, =~ YO (30)
where
Ny =" 31
Ug == €2y
L
h=g (32)

By integrating equation (30) with respect to x,
it is found that the average heat transfer co-
efficient % is twice the local heat transfer
coefficient, i.e.

h = 2h. (33)
RESULTS AND DISCUSSION

The two-phase condensation problem has
been solved for three values of the pu ratio
(R = 10, 100, 500) and six values of the liquid
Prandtl number (Pr = 0-003, 0-008, 0-03, 1, 10,
100) with a wide range of liquid film thickness
(and hence c,dT/Prhy,). The results of solutions
are presented in Figs. 2-8.

As mentioned in “Asymptotic expressions” in
Section II, for very thin liquid film the vapor-
velocity profile is essentially the same as the
Blasius profile [9], and hence the vapor-velocity
slope at the interface is practically a constant
independent of the pp ratio. Consequently, to
satisfy the force balance at the interface,
[w(eu/oN]L,; = [w(eu/6y)lv,:, the slope of the
liquid velocity must be a strong function of the
pp ratio. On the other hand, when the liquid
film is very thick, the liquid-velocity profile is
essentially the same as the Blasius profile, and in
order to satisfy the force balance equation the
vapor-velocity profile must be a strong function
of the pu ratio. Therefore, it can be realized that
the pu ratio would greatly influence the liquid-
velocity distribution when the liquid film is
relatively thin, and it would significantly affect
the vapor-velocity profile when the liquid film
is relatively thick. With this in mind, it is quite
easy to understand the velocity profiles shown
in Fig. 2(a) and (b). Fig. 2(a) indicates that the
liquid velocity is essentially linear for n; = 1-8.
However, their slopes depend strongly on the
pu ratio. The vapor-velocity profiles for the ppu
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ratio of 100 and 500 are somewhat different from
each other. Nevertheless, for the scale used, they
are essentially indistinguishable. For 54 = 3-5,
the liquid-velocity profile, as shown in Fig. 2(b),
is nonlinear and is practically independent of
the pp ratio. Since the liquid film is relatively
thick, the vapor-velocity profiles differ widely
from each other for various pu ratio.

The temperature profiles corresponding to
ns = 1'8 are shown in Fig. 3. As expected, for
liquids of low Prandtl number (liquid metals),
the temperature profile is essentially linear. The
nonlinearity increases with an increase of
Prandtl number. This is due to the fact that the
energy transfer by convection is more important
for higher Prandtl number. The nonlinearity of

020

temperature also increases with a decrease of the
pp ratio. This again is due to the higher convec-
tion current of the liquid at a lower pp ratio.
The temperature profiles for liquid metals
(Pr = 0-003 ~ 0-03) with 54 = 3-5 are essen-
tially linear. For high Prandtl number, the
value of ¢pdT/Prhys, corresponding to 7y = 3-5
is out of the range of practical interest. Hence,
to save space, the temperature profiles corres-
ponding to #n, = 3-5 are not shown in this
paper.

Figures 4(a) and (b) show the relation between
the liquid film thickness 5, and the physical
parameter c,AT/Prhys, for low and high Prandtl
number respectively. It is seen that a thin liquid
film (small n,) corresponds to a small value of

0181
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o002l Liquid
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FiG. 2(a). Velocity profile ns = 1-8.
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FIG. 2(b). Velocity profile n; = 3-5.
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0-00; foxe] ol
SodT [(p ) )" 2
Arg Pr (p/.‘ )y
e, 4T [(p#)a]”z
Fic. 4(c). h, Pr_“;;)j VEersus 7;.
[gﬁ@{‘} 1/2
Pr Condy
A 100 10
B 100 100
C (Cess [S5]
D 10 100
E 0003 ~ 1 100
F 0-003 ~ 0-03 10
G equation (22)

¢pdT/Prhs; and a thick liquid film corresponds
to a large value of c,d4T/Prhs. As shown in
Fig. 4(a) for liquids of low Prandti number, the
relation between n; and cpdT/Prhy, is essentially
independent of the Prandtl number. This is
because in liquids of low Prandtl number, the
temperature profile for all Prandtl numbers is
linear, and hence ¢pdT/Prhy, as calculated from
equation (17) depends only on 7, and the pu
ratio. Fig. 4{c) shows the relation between
¢pdTR/Prhy; and 7, for 5, < 2:5. The results
based on equation (22) and Cess’s analysis are
also shown in the figure for comparison. It is
seen from Fig. 4(c) that for very thin liquid
films (n; < 0-4), equation (22} predicts the
¢pdTR/Prhy, correctly. For liquids of low Prandtl
number with liquid-film thickness n; << 1-5, the

functional relationship between cdTR/Prhis, and
7y can be accurately determined by Cess's
analysis. The deviation between the present
calculations and those of Cess increases as both
ns and Pr increase. This is because the inertia
forces and energy transfer by convection which
were neglected in [5] become important.
Figure 5 shows the condensation rates and
liquid flow as a function of the liquid-film thick-
ness n;, with pp ratio as parameter. The conden-
sation rate (also liquid flow) approaches zero as
the liquid-film thickness », approaches zero.
For very thick liquid film, the liquid-velocity
profiles are essentially independent of the pu
ratio and hence the condensation flow rate is
practically independent of the pu parameter.
Figure 6 shows the dimensionless skin friction
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F1G. 8(a). Comparison of heat transfer between exact and approximate analysis (low Pr).

as a function of the liquid-film thickness. For
very thin liquid film, the skin friction approaches
the value corresponding to the case of no
condensation [f"(0)R = F"(0) = 0-332]. For
very thick liquid layer, the skin friction
approaches the value corresponding to the single-
phase liquid flow [f"(0) = 0-332].

Figures 7(a) and (b) show respectively the
dimensionless heat transfer for low and high
Prandtl number. It is seen from Fig. 7(a) that,
for liquid metals (low Prandtl numbers), the

dimensionless heat transfer is essentially in-
denendent of the Prandtl number and hence

pYaasiiy O A0 Tialinul LIV @ piivd 1L0tm

depends only on cpdT/Prhsy and R. This is
because the temperature profiles are practically
linear for all liquids of low Prandti number
(liquid metals) and hence the Prandtl number
does not enter into the problem except in
the dimensionless group cpdT/Prhs,. For a
fixed value of Nu./y/Re; (or fixed 7, since

Nuz/+/(Rez) = 0'(0) = 1/n,), Fig. 7(a) shows that
cpdT/|Prhys, decreases as the pu ratio increases.
This is due to the fact that the more viscous liquid
(high pu ratio) moves at a lower speed and hence,
to satisfy the conservation of energy, equation
(17), the value of ¢pAT|Prhsy must be smaller than
that for less viscous liquid. Fig. 7(a) also shows
that the heat transfer decreases monotonically
as the liquid-film thickness increases. This is
obvious since, in conduction heat transfer
(liquid metals), the resistance to heat flow is

proportional to the liquid-layer thickness. For
high Prandtl number, Fig. 7(b) shows that the

ApiL DAQEL IWIIUNL, ig. vy Sl wial Al

heat transfer is a strong function of Prandtl
number especially when the liquid film is
relatively thick. This is expected, since in this
case the energy transfer by convection plays an
important role. As shown in Fig. 7(b) the heat,
transfer drops to a minimum value and then
rises again as the liquid-film thickness increases.
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FiG. 8(b). Comparison of heat transfer between exact and approximate analyses (high Pr).

This can be explained by the fact that, as the
film thickness increases, the energy transfer by
conduction decreases while that by convection
increases and consequently there exists a region
where the dimensionless heat transfer reaches a
minimum value. Figs. 4-8 furnish the complete
information to compute the condensation rate,
skin friction and heat transfer in laminar forced
condensation on a flat plate. For any specified

the liquid-film thickness from Figs. 4(a), (b) and
{c). The condensation rate, skin friction and
heat transfer can then be read directly from
Figs. 5, 6 and 7 or 8 respectively.

IV. COMPARISON OF RESULTS

Liguirag Qo) and ) sl tlaa Ansmmsmariass

LIEuivd Oka) alu \U} SIVUW LIV Lullpal ldull
between the present calculations and the approxi-
mate solutions of Cess.* For liquid metals where
the convection is not important, the heat-
transfer results of Cess agree very well with the
present calculation for small RC,AT/Prhy,.
The deviation increases as RcpdT/Prhy,
increases especially for small pu ratio. For
D. . 1 Tie O/l line 4hhnt 4lhn nsmsmm~vismata
L1 — 1, 1'15. OV} SIIUWDS lLlal Uliv appivaliiiatt

* * The abscissa and ordinate used in Fig. 3 of [5] appear
in different forms from those of Figs. 8(a) and (b) in this

paper. Actually, they are identical with each other.
Cess used », while we use vz in Re.
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treatment predicts the heat transfer quite well
for almost the whole range of RcpAT/Prhyy. For
higher Prandtl number, the approximate analysis
underestimates the heat transfer considerably.
This is because the energy transfer by convection
is quite important for liquids of high Prandtl
number, while it was neglected in Cess’s
analysis.

As mentioned in the Introduction, the same
kind of problem was also treated in [6] by
neglecting the vapor velocity at the liquid—vapor
interface. Only two values of ¢,dT/Prhy, were
calculated.

It was concluded in [6], that the solution does
not depend on Pr explicitly and that the heat-
transfer parameter Nup/+/Re, decreases as
cpdT/Prhysy increases. The present finding does
not confirm these conclusions. As is evident
from Figs. 7(a) and (b), the Prandti number does
not enter into the problem explicitly only for
liquids of low Prandtl number (liquid metals).
For liquids of high Prandtl number, solutions
indeed depend on the Prandtl number. Also,
Nug(+/ Reydecreases monotonicallyas ¢, AT/ Prhy,
increases only for liquids of low Prandtl
number. For liquids of high Prandtl number, the
heat-transfer parameter Nu,/+/Re, decreases to
a minimum value and then rises again for the
reason explained in Section ITI. We shall now
use a numerical example (Table 1) to compare
the heat-transfer results as calculated from
different authors.

Table 1. Comparison of results

(Pr = 1; ¢, dT/Prhs, = 0-05; R = 200)

8 wfuc  Nug/v Re, Source
0 0-53 (Chung, [6])
20 0-05 05 (Cess, [5])
2-05 0-07 0-495  (present calculation)

As can be seen from the table, the heat trans-
fer as given in [6] for the specific example is too
high by 7 per cent. Also, the results ob-
tained from [5] agree well with the present
calculations.

2T

V. CONCLUSIONS

The two-phase boundary-layer equations in
laminar film condensation for flow over a flat
plate have been solved. The parameters involved
are Pr, [(pp)r/(pu)o}’® and cpdT/Prhy,. It was
found that, for liquids of low Prandtl number
(liquid metals), the energy transfer by convection
is negligibly small and hence only two para-
meters, [(p)r/(p)o]t’® and ¢, dT/Prhy; are
important. In this case the heat transfer decreases
monotonicly as ¢pd7/Prhy, (or liquid film
thickness) increases. For high Prandtl number
(Pr > 1) where the energy transfer by convection
cannot be neglected, the dimensionless heat
transfer, Nuy/+/Re,, drops to a minimum value
and then rises again as cpdT/Prhy, increases.
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Résumé—Cet article étudie la condensation par film laminaire d’un écoulement forcé de vapeur

saturée sur une plaque plane. Le probléme est formulé comme une solution exacte de couche limite.

A partir des solutions numériques des équations fondamentales, on trouve que le transport d’énergie

par convection est négigeable pour des liquides 3 bas nombre de Prandtl (métaux liquides) mais trés

important pour les liquides 4 nombre de Prandtl élevé. Le taux de condensation, le frottement a la

paroi et la transmission de chaleur sont présentés graphiquement sous forme d’une fonction de
Cy, AT/Prhy, ayant pour paramétre [(pp)r/(pp)o]*/? et Pr.

Zusammenfassung—Die laminare Filmkondensation von Sattdampf bei erzwungener Konvektion an

einer ebenen Platte wird analysiert. Das Problem ldsst sich als eine Exakte Grenzschichtlosung

darstellen. Numerische Losungen der massgeblichen Gleichungen zeigen, dass der Energieiibergang

durch Konvektion vernachlissigbar klein ist fiir Fliissigkeiten kleiner Prandtl-Zahl (fliissige Metalle)

dagegen fiir solche grosser Prandtl-Zahlen sehr beachtlich wird. Kondensationsgeschwindigkeit,

Oberflichenreibung und Wirmeiibergang sind in Diagrammen als Funktion von c¢,4T/Prhy, mit
{(p)L/(pr)o}L/? und Pr als Parameter angegeben.

Annoraua—PaccMaTpuBaeTCA JTaMUHAPHAA IJIEHOUHAS KOHJEHCAMA M3 HACHILEHHOTO
napa Ipy BEIHY/ACHHOM TeueHu! Ha INIOCKOH miracTude . 3aja4a cPopMyIIpOBAHA KAK TOUHOE
pellieHue ypaBHeHul OPPAHMYHOTO cy10s. ITyTéM YncieHHoro pelleHua OCHOBHLIX yPaBHeHHUI
HalileHo, YTO IEPEHOC DHEePTHH KOHBEKIMed [peHeSpe: Mo Madl JUIA MUAKOCTell ¢ HUSKIM
qpcnom IIpaHATAA (FKULKHE METAJUIB), HO OUeHb CYIIECTBEHEH MJIA KUAKOCTell ¢ GONbHIMM
upcaom Ilpanarna. CKOpPOCTE KOHEHCAIMHM, NOBePXHOCTHOE TpeHME M TerpoobMen mpe-
acrasiiensl rpafuuecku Kak §ysruns c,AdT|Prhy, npn napamerpax [(pw)L/(pw)o]/* u Pr.



