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abstract-Laminar film condensation of a saturated vapor in forced flow over a flat plate is analysed. 
‘he problem is formulated as an exact boundary-layer solution. From numerical solutions of the 
:overning equations, it is found that the energy transfer by convection is negligibly small for low 
‘randtl number liquids (liquid metals) but quite important for high Prandtl number liquids. The 
ondensation rate, skin friction and heat transfer are presented in graphs as a function of c,dT/Prhf, 

with [(pp)L/(pp),,]112 and Pr as parameters. 

NOMENCLATURE v, kinematic viscosity; 
friction coefficient, equation (29); PY density; 
specific heat at constant pressure; *, stream function. 
dimensionless liquid stream function, 
equation (12); Subscripts 
dimensionless vapor stream function, B, Blasius ; 
equation (12) ; i, liquid vapor interface; 
local heat-transfer coefficient, equation free stream; 
(32); Ly’ liquid ; 
thermal conductivity; V, vapor ; 
mass flow at interface (mass condensed W, wall ; 
per unit time per unit area); 6 at the liquid vapor interface; 
local Nusselt number, equation (31); L, i, liquid at the interface; 
liquid Prandtl number, (pep/k) L; 4 i, vapor at the interface. 
local heat-transfer rate per unit area; 
equation (14) ; Superscripts 
Reynolds number, GX/VL,; _ 

9 average ; 
static temperature; , 

3 differentiation with respect to r]~ or T~. 
Ts - T,; 
velocity component in x-direction; I. INTRODUCTION 

velocity component in y-direction; CONDENSATION heat transfer has been a subject 
co-ordinate measuring distance along of study for many years. Heretofore, research on 
plate from leading edge; this subject has been focused on natural convec- 
co-ordinate measuring distance normal tion where the fluid motion is generated by 
to the plate; gravity forces [l-4]. Recent engineering develop- 
similarity variable, equation (11) ; ments, such as aerospace planes, nuclear reactors, 
dimensionless liquid film thickness; etc., require the knowledge of fluid mechanics 
dimensionless temperature, and heat transfer in the condensation processes 

(T - Ts)I(T, - T,); under forced flow. Accordingly, a research pro- 
absolute viscosity; gram was initiated to study the condensation 

-- 
* Research Specialist. 

processes for flow over a flat plate. Simul- 
taneously, Cess [5] treated the similar problem 
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by neglecting inertia forces and energy transfer 
by conv~tion in the governing liquid-flow 
equations. Chung [6] analysed the fitm-condensa- 
tion processes by neglecting the vapor tangential 
velocity at the interface. The present paper 
reports the exact solutions of the differential 
equations for laminar-film condensation in 
forced flow over a flat plate. 

II. ANALYSIS 

Physical model and co-ordinate systems 
Figure 1 shows a sketch of the physical model 

and co-ordinate system used for the present 
study. A stream of vapor at a velocity uco is flow- 
ing over the plate. The vapor is at a saturation 
temperature Ts. The plate surface temperature 
T,,, is lower than Ts and hence condensation 
takes place. It is assumed that, in steady state, 
there exists a smooth liquid film adjacent to the 
plate surface. At the plate surface, the liquid 
velocity is zero. Away from the surface, the 
liquid moves under the influence of drag forces. 
The vapor velocity approaches the free stream 
velocity at some distances from the plate. There- 
fore, there exist both liquid and vapor boundary 
Iayers SimultaneousIy. Since the liquid ffow is 
due to the drag force exerted by the vapor, and 
the presence of the liquid motion in turn affects 
the vapor flow field, this interaction requires the 
simultaneous consideration of the liquid and 
vapor layers. 

FIG. 1. Physical model and co-ordinates. 

Governing equations 
The basic governing partial differential equa- 

tions and boundary conditions have been given 
in [5] and it is not necessary to repeat them here. 
By use of the Blasius-type similarity transforma- 
tion, the partial differential equations can be 
transformed into a corresponding set of ordinary 
differential equations. The resulting transformed 
ordinary differential equations together with _ __ 

Liquidfilm 
j-1” + @-” = 0 

0 -/- $2+-f%’ = 0. 

Vapor layer 

F”’ + +,” = 0, 

Boundary conditions 

At~L=O(wall)f==f’=O @- 1 

as 7” + co (vapor phase} F’ - 1. 

At the interface 

I 

@EO 

‘7L = yl$ F = l?f 

fl) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(111 

Notice that the above differential equations (l- 
3) together with the boundary conditions (4-9) 
involve three parameters Pr, R = ~{~~)z/( p,~)~]“~, 

and vs. From the energy balance at the interface, 
- kr.3Tlav = tihtn. it can be shown that the - _I I_ ,71 their boundary conditions are as follows, 
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dimensionless liquid-film thickness is implicitly 
related to the dimensionless physical group 
cpATIp,hf, by the following equation: 

(17) 

Hence, as soon as solutions are available as a 
function of TV, corresponding values of 
cpAT/Prhf, can be computed from equation 
(17). Consequently, the present problem in fact 
involves three physical parameters, Pr, R and 
cJT/Prhf,. It is interesting to note that the 
parameters involved are identical to those in 
film condensation in free convection [4]. Also 
in both cases, the parameters are similar to those 
in film boiling [7, 81. 

Asymptotic expressions 
Before we discuss the numerical solutions of 

the foregoing equations, it is worthwhile to 
consider two extreme cases, i.e. when the liquid 
film is either very thin or very thick. 

(1) Very thaw liquid~~m. When the liquid film 
is very thin, the liquid velocity is very small. 
Hence, the presence of the liquid film does not 
have any significant effect on the vapor boundary 
layer, and the vapor-velocity profile approaches 
to the Blasius profile, In this case, the vapor- 
velocity gradient at the interface is F<” = 0,332, 
and the vapor velocity, velocity slope, tempera- 
ture slope and the parameter c,AT/Prh,, can 
be written as follows: 

(19) 

(21) 

c,AT 
(22) 

A plot of cpAT/Prhfg vs. qe as calculated from 
equation (22) is shown in Fig. 4(c). When the 
liquid film is moderately thin, the velocity and 

temperature profiles are very close to straight 
lines. However, F,” is now a function of the 
liquid film thickness rls. By following the treat- 
ment of [5], one can get a plot of (c,AT/Prhn)R 
vs. qs inde~ndent of R and Pr, Such a plot is 
also shown in Fig. 4(c) (see Results and Discus- 
sion). 

(2) Very thick liquid jiims. When the liquid 
film is very thick (i.e. vs+ 7.8, [9]), the liquid- 
vapor interface velocity approaches to the free- 
stream velocity ua: and the liquid velocity profile 
would be essentially the same as the Blasius 
function. In this case, the following results are 
valid. 

f”(V) = f;(V) (23) 

f’(V) = LX?) (241 

f(?> = f&Y) (25) 

COAT .fB(? 6) ---- = - -,-. 
Prhf, 24 

(26) 

Equation (26) indicates that cpAT/Prhf, is 
independent of R but a strong function of Pr 
(through @;i). 

Methods of solutions 
Before we discuss the method of solution it is 

helpful to point out that the momentum equa- 
tions (I) and (3) are independent of the energy 
equation (2). Hence, for any pre-assigned value 
of 7s and R, the momentum equations can be 
solved independently. Once this is done, the 
energy equation (2) can be readily integrated. 
The method used in solving the momentum 
equations (1) and (3) together with their bound- 
ary conditions, (4), (5) and (7-9) can be briefly 
described. For any given 71~ and R, a value of 
f’(v& is guessed (remained to be checked). This 
guessedf’(v& together with the boundary condi- 
tion (4), f(O) = f ‘(0) = 0, allows us to solve the 
liquid momentum equation (1). The solution of 
equation (1) yields the values off andf” at the 
interface. The values of F(O) and F’(0) are then 
calculated from equations (7) and (8). These two 
conditions together with the boundary condition 
(5), F’(a) = I provide adequate boundary 
conditions for solving the vapor momentum 
equation (3). The solution of equations (3) yields 
among others the value of F”(0). Now, since we 
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have the value of F”(O) and the value off”(q& 
we can substitute them into equation (9). If 
equation (9) is satisfied, our guessed value for 
f’(~& is correct and we have solved the momen- 
tum equations. Otherwise, a new value fory(T& 
must be used and the processes repeated until 
the final solution is obtained. With f(ys) avail- 
able and Pr specified, the energy equation (2) 
together with its boundary conditions e(O) = 1 
and 8( co) = 0 can be solved by direct integration. 
This yields the temperature distribution across 
the liquid film. Finally, the value of the physical 
parameter cpAT/Prhf, corresponding to the 
prescribed r/6 is computed from equation (17). 

Condensate JIow rate, skin friction and heat 
transfer 

Once the boundary-layer equations are solved, 
the values forf”(O), f(Ts) and f?(O) are available. 
The condensate flow rate, skin friction and heat 
transfer can then be computed by the following 
equations. 

(1) Condensation rate 

Dimensionless condensation rate 

SW d(Re,) = f$l 

Dimensionless 1iquidJlow 

SII PLU dy 

PLUrnX 
z/&d =f (qs) 

1 

i (27) 

J 

where ri? is the mass condensed per unit area per 
unit time while 1: PLU dy is the local mass flow 
of liquid in the direction parallel to the plates. 
From the relation m’x = J-II: pm dy, it is evident 
that the average condensation rate m’ over’ a 
distance of x is equal to twice the local condensa- 
tion rate ti, i.e. 

Z = 2ti. 

(2) Skin friction 

B cf v’(Re4 = f “(0) 

where 

(28) 

(3) Heat transfer 

NUX 
~-~- = - t?‘(O) 

%!Re, 

where 

Nu, _ ‘li” (31) 

h+!!?.. (32) 
s w 

By integrating equation (30) with respect to s, 
it is found that the average heat transfer co- 
efficient /? is twice the local heat transfer 
coefficient, i.e. 

h =2h. (33) 

RESULTS AND DISCUSSION 

The two-phase condensation problem has 
been solved for three values of the pp ratio 
(R = 10, 100, 500) and six values of the liquid 
Prandtl number (Pr = 0403, 0.008, O-03, 1, 10, 
100) with a wide range of liquid film thickness 
(and hence c,AT/Prhf,). The results of solutions 
are presented in Figs. 2-8. 

As mentioned in “Asymptotic expressions” in 
Section II, for very thin liquid film the vapor- 
velocity profile is essentially the same as the 
Blasius profile [9], and hence the vapor-velocity 
slope at the interface is practically a constant 
independent of the pp ratio. Consequently, to 
satisfy the force balance at the interface, 
[p(L%/+)]~,i = [~(&/2yv)]~~, the slope of the 
liquid velocity must be a strong function of the 
pp ratio. On the other hand, when the liquid 
film is very thick, the liquid-velocity profile is 
essentially the same as the Blasius profile, and in 
order to satisfy the force balance equation the 
vapor-velocity profile must be a strong function 
of the pp ratio. Therefore, it can be realized that 
the pp ratio would greatly influence the liquid- 
velocity distribution when the liquid film is 
relatively thin, and it would significantly affect 
the vapor-velocity profile when the liquid film 
is relatively thick. With this in mind, it is quite 
easy to understand the velocity profiles shown 
in Fig. 2(a) and (b). Fig. 2(a) indicates that the 
liquid velocity is essentially linear for 76 = 1.8. 
However, their slopes depend strongly on the 
pp ratio. The vapor-velocity profiles for the pp 
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ratio of 100 and 500 are somewhat different from 
each other. Nevertheless, for the scale used, they 
are essentially indistinguishable. For qs = 3.5, 
the liquid-velocity profile, as shown in Fig. 2(b), 
is nonlinear and is practically independent of 
the pp ratio. Since the liquid film is relatively 
thick, the vapor-velocity profiles differ widely 
from each other for various pp ratio. 

The temperature profiles corresponding to 
qs = 1.8 are shown in Fig. 3. As expected, for 
liquids of low Prandtl number (liquid metals), 
the temperature profile is essentially linear. The 
nonlinearity increases with an increase of 
Prandtl number. This is due to the fact that the 
energy transfer by convection is more important 
for higher Prandtl number. The nonlinearity of 

temperature also increases with a decrease of the 
pp ratio. This again is due to the higher convec- 
tion current of the liquid at a lower pp ratio. 
The temperature profiles for liquid metals 
(Pr = O-003 N 0.03) with vs = 3.5 are essen- 
tially linear. For high Prandtl number, the 
value of cpAT/Prhfg corresponding to 71~ = 3.5 
is out of the range of practical interest. Hence, 
to save space, the temperature profiles corres- 
ponding to qs = 3.5 are not shown in this 
paper. 

Figures 4(a) and (b) show the relation between 
the liquid film thickness vs and the physical 
parameter c,AT/Prhf, for low and high Prandtl 
number respectively. It is seen that a thin liquid 
film (small rls) corresponds to a small value of 

FIG. 2(a). Velocity profile 78 = 1.8. 

(PPh 1/Z [--I c,AT 

(Pd. Pr hf, Pr 
0.003 - 0+08 0.1117 

0.1118 
10 0.1164 

0.1716 
19.63 
0.01394 

100 0.01401 
0.01468 
0.02395 

o+Kl3 - 0.03 00)2880 
500 0.002883 

0.0029 11 
0003208 
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FIG. 

[- ----I 
(PcL)L 1’2 
( PP). 

2(b). Velocity profile 18 = 3.5. 

10 

loo 
500 

Pr 
oQO3 
0.008 
0.03 
0903 
0.008 
0.03 

C,AT 
~- 
h,, Pr 

3.iI?8 
3.087 
3.126 
3.072 
3.081 
3.120 

FIG. 3. Temperature Profile, ‘76 = 1.8. 
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4.5 

4.0 

2.5 

FIG. 4(b). Physical parameter, 
c,dT/h,,Pr and liquid film 

thickness ~8 (high Pr). 

FIG. 4(a). Physical parameter, 
c,dT/h,,Pr and liquid film 

thickness ~)a (low Pr). 

2.4 - 

2.2 - 

20 

I.8 

I.6 

% 

- IO0 

--- 500 

0.2 _ 
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Pi. 

100 

10 
oaO3 - I 
0+003 - 0.03 
equation (22) 

c,AT/Prhf, and a thick liquid film corresponds 
to a large value of c&fT/Prhfs_ As shown in 
Fig. 4(a) for liquids of low Prandtl number, the 
relation between 7 d and cpAT/Prhf, is essentially 
independent of the Prandtl number. This is 
because in liquids of low Prandtl number, the 
temperature profile for all Prandtl numbers is 
linear, and hence q,AT/Prhfg as calculated from 
equation (17) depends only on rf8 and the pp 
ratio. Fig. 4{c) shows the relation between 
c,ATR/Prhf, and rls for qs < 25 The results 
based on equation (22) and Cess’s analysis are 
also shown in the figure for comparison. It is 
seen from Fig. 4(c) that for very thin liquid 
films (TV < 0*4), equation (22) predicts the 
q,dTR/I%h~, correctly. For liquids of low Prandtl 
number with liquid-film thickness qs < 1.5, the 

functional relationship between c,llTR/Prhf, and 
‘7s can be accurately determined by Cess’s 
analysis. The deviation between the present 
calculations and those of Cess increases as both 
vs and Pr increase. This is because the inertia 
forces and energy transfer by convection which 
were neglected in [5] become important. 

Figure 5 shows the condensation rates and 
liquid flow as a function of the liquid-~Irn thick- 
ness vs, with pp ratio as parameter. The conden- 
sation rate (also liquid flow) approaches zero as 
the liquid-film thickness r/8 approaches zero. 
For very thick liquid film, the liquid-velocity 
profiles are essentially independent of the pp 
ratio and hence the condensation ffow rate is 
practically indkpendent of the pp parameter. 

Figure 6 shows the dimensionless skin friction 
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I.6 - 

I.4 - 

0.6 - 

- 0.6 

---- ,Dr =().03 

- .- Cess (Ref.51 

FIG. 8(a). Comparison of heat transfer between exact and approximate analysis (low Pu). 

as a function of the liquid-film thickness. For 
very thin liquid film, the skin friction approaches 
the value corresponding to the case of no 
condensation If”(O)R = F”(0) = 0.3321. For 
very thick liquid layer, the skin friction 
approaches the value corresponding to the single- 
phase liquid flow If”(O) = 0.3321. 

Figures 7(a) and (b) show respectively the 
dimensionless heat transfer for low and high 
Prandtl number. It is seen from Fig. 7(a) that, 
for liquid metals (low Prandtl numbers), the 
dimensionless heat transfer is essentially in- 
dependent of the Prandtl number and hence 
depends only on q,AT/Prhf, and R. This is 
because the temperature profiles are practically 
linear for all liquids of low Prandtl number 
(liquid metals) and hence the Prandtl number 
does not enter into the problem except in 
the dimensionless group q,AT/Prhf,. For a 
fixed value of NuzldRe, (or fixed r/8 since 

Nu,/z/(Re,) = 0’(O) = l/7&, Fig. 7(a) shows that 
c,AT[Prhr, decreases as the pp ratio increases. 
This is due to the fact that the more viscous liquid 
(high pp ratio) moves at a lower speed and hence, 
to satisfy the conservation of energy, equation 
(17), the value of c,AT/Prhf, must be smaller than 
that for less viscous liquid. Fig. 7(a) also shows 
that the heat transfer decreases monotonically 
as the liquid-film thickness increases. This is 
obvious since, in conduction heat transfer 
(liquid metals), the resistance to heat flow is 
proportional to the liquid-layer thickness. For 
high Prandtl number, Fig. 7(b) shows that the 
heat transfer is a strong function of Prandtl 
number especially when the liquid film is 
relatively thick. This is expected, since in this 
case the energy transfer by convection plays an 
important role. As shown in Fig. 7(b) the heat, 
transfer drops to a minimum value and then 
rises again as the liquid-film thickness increases. 
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FIG. 8(b). Comparison of heat transfer between exact and approximate analyses (high Pr). 

0~7----.--10 

----500 

0.6 - -100 

- - Cess 

This can be explained by the fact that, as the 
film thickness increases, the energy transfer by 
conduction decreases while that by convection 
increases and consequently there exists a region 
where the dimensionless heat transfer reaches a 
minimum value. Figs. 4-8 furnish the complete 
information to compute the condensation rate, 
skin friction and heat transfer in laminar forced 
condensation on a flat plate. For any specified 
cpAT/Prhp_,, Pr and pp ratio, one can determine 
the liquid-film thickness from Figs. 4(a), (b) and 
(c). The condensation rate, skin friction and 
heat transfer can then be read directly from 
Figs. 5, 6 and 7 or 8 respectively. 

IV. COMPARISON OF RESULTS 

Figures 8(a) and (b) show the comparison 
between the present calculations and the approxi- 
mate solutions of Cess.* For liquid metals where 
the convection is not important, the heat- 
transfer results of Cess agree very well with the 
present calculation for small RCdT/Prhn. 
The deviation increases as Rc,AT/Prhf, 
increases especially ‘for small pp ratio. For 
Pr = 1, Fig. 8(b) shows that the approximate 
_~~ ____ __~~. .._ ______ ___- ~. 

* The abscissa and ordinate used in Fig. 3 of [S] appear 
in different forms from those of Figs. 8(a) and (b) in this 
paper. Actually, they are identical with each other. 
Cess used Y. while we use YL in Re. 



treatment predicts the heat transfer quite well V. CONCLUSIONS 

for almost the whole range of RcpATJPrhfgS For 
higher Prandtl number, the appro~mate analysis 

The two-phase boundary-layer equations in 
laminar film condensation for flow over a flat 

underestimates the heat transfer considerably. 
This is because the energy transfer by convection 

plate have been solved. The parameters involved 

is quite important for liquids of high Prandtl 
are Pr, lhWh4~1”‘” and c,AT/Prhf,. It was 

number, while it was neglected in Cess’s 
found that, for liquids of low Prandtl number 

analysis. 
(liquid metals), the energy transfer by convection 

As mentioned in the Introduction, the same 
is negligibly small and hence only two para- 
meters, 

kind of problem was also treated in [6) by 
KPP~L/hM”2 and cpAT/Prhf, are 

neglecting the vapor velocity at the liquid-vapor 
important. In this case the heat transfer decreases 

interface. Only two values of cpdT/Prhfg were 
monotonicly as c~AT/Prhf~ (or liquid film 

calculated. 
thickness) increases. For high Prandtl number 

It was concluded in [6], that the solution does 
(Pr > 1) where the energy transfer by convection 

not depend on Pr explicitly and that the heat- 
cannot be neglected, the dimensionless heat 

transfer parameter Nu,ly’Rez decreases as 
transfer, ~~~~~e~, drops to a minimum value 

+AT/Prhf, increases. The present finding does 
and then rises again as +AT/Prhf, increases. 

not confirm these conclusions. As is evident 
from Figs. 7(a) and (b), the Prandtl number does 
not enter into the problem explicitly only for 
liquids of low Prandtl number (liquid metals). The author wishes to express his appreciation to Mr. 

For liquids of high Prandtl number, soIutions P. E. Grafton and Professor E. M. Sparrow for their 

indeed depend on the Prandtl number. ALSO, 
many helpful discussions and suggestions, to Mr. J. 

Nu,ll/Re,decreases monotonicallyas cpLtT/Prhrg 
Hughes for his help in computer pro~ng, and to 

increases only for liquids of low Prandtl 
Mr. N. Carver for his preparation of figures. 

number. For liquids of high Prandtl number, the 
heat-transfer parameter Nuzj~Rez decreases to 
a minimum value and then rises again for the 
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Rbum&Cet article &die la condensation par film laminaire dun 6coulement force de vapeur 
saturee sur une plaque plane. Le probleme est formule comme une solution exacte de couche limite. 
A partir des solutions numeriques des equations fondamentales, on trouve que le transport d’energie 
par convection est negigeable pour des liquides a bas nombre de Prandtl (metaux liquides) mais tres 
important pour les liquides a nombre de Prandtl &eve. Le taux de condensation, le frottement a la 
paroi et la transmission de chaleur sont present& graphiquement sous forme dune fonction de 

C, dT/Prhts ayant pour parametre [(p&/(p~)#/p et Pr. 

Zusammenfassuug-Die laminare Filmkondensation von Sattdampf bei erxwungener Konvektion an 
einer ebenen Platte wird analysiert. Das Problem llsst sich als eine Exakte Grenzschichtlosung 
darstellen. Numerische Liisungen der massgeblichen Gleichungen zeigen, dass der Energietibergang 
durch Konvektion vernachllssigbar klein ist fur Fliissigkeiten kleiner Prandtl-Zahl (fltissige Metahe) 
dagegen fur solche grosser Prandtl-Zahlen sehr beachtlich wird. Kondensationsgeschwindigkeit, 
Oberflachenreibung und Wlrmetibergang sind in Diagrammen als Fur&ion von c,dT/Prh,, mit 

[(p&/(p&]1/2 und Pr als Parameter angegeben. 

A~OTsrl~--PaCCMaTp~BaeTCR. JIaMklHapHaR IIJkHO~HNI KOHAeHCaIJkllI H3 HaCbUIJeHHOrO 

napa npn nbmy~~erinou re9eunn na nnocnoP nnacrune. 3agara c@opuyxriposana uau TO~HO~: 
pemenue ypannerintI norpanmrnoro coon. IIyT&r WICJIeHHOI'O pememin OCH~BH~IX ypanner&i 
nan~eno, YTO nepenoc aaeprmr nonsenunen npeee6pemauo Man nrtn ma~uocreti c HMSKHM 
'IMCJIOM @,aHATJIR (HCIlAHLie Mf?TWIbI), HO 04eHb CyIQeCTBCHeH AJIH HUAKOCTeti C 6OJIbLIIllN 

'IIWIOM r~paHATJfFI. CKOpOCTb KOHAeHCWiH, IIOBepXHOCTHOe TpeHHe R TeIIJIOO6MeH IIpe- 

ACTaBLIeHbI rpa@HYWKII KaK $YHKIJllH dT/Prh fP npa napauerpax ](Pc~)L/(P~).~~~~ II Pr. 


